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INTRODUCTION

Graph theory provides essential tools for
analyzing molecular structures in chemistry.
Following the conventions established by
Diudea et al. [1] and West [2], we define our
graph theoretical framework: Every graph in
this work is a simple graph I without any loops
or multiple edges. Let the set of vertices and
edges of a graph, respectively, be V (I') and
E(F). The degree of the vertex v € V (IN),
indicated by dy, is the sum of the degrees of
us neighbors in I, where §, is the number of
edges incident on v. The vertices that are
adjacent to a vertex are referred to as its
neighbors. Chemical graph theory, a subfield
of graph theory, investigates the relationship

between a compound’s molecular graph and
its various characteristics and activities.

In drug discovery, predicting the
physicochemical properties and biological
activity of molecules has become increasingly
important. QSPR/QSAR mathematical models
relate the chemical structure of substances to
their physical qualities. It characterizes
molecular properties using topological indices
rather than a wet lab. The first widely
recognized topological index is the Wiener
Index [3], introduced for alkanes, which
calculates the sum of distances between all
pairs of vertices in a graph. This index has
proven effective in correlating molecular
structure with boiling points and other physical
properties of compounds. Since then,
numerous topological indices have been
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proposed to capture various structural aspects
of molecules.

Degree-based indices such as the
Randic Index [4], which focuses on the
branching of molecular structures, and the
Balaban Index [5], which considers distance-
based measures of atom pairs, have been
extensively used in Quantitative Structure-
Property Relationships (QSPR) and
Quantitative Structure-Activity Relationships
(QSAR) studies. These indices are particularly
useful in predicting biological activity, toxicity,
and molecular stability.

The aim of this work is to compute and
analyze neighborhood degree sum-based
topological indices for Non-Kekulean
Benzenoid graphs K, using the NM-polynomial

approach, providing new insights into their
structural properties and potential applications
in chemical research.

The rest of the work is organized as
follows. Section 2 is methodology. Section 3 is
results and discussions. Section 4 concluded
the work.

Table 1 displays the creation of neighborhood
degree sum-based indices and how they relate
to the NM-polynomial.

Here, NM(I') is a function of x,y and D , =
I(f(x.y)) I(f(x.y))
Dy =" L= f(,),

t,
Ly= @y, Ly =f@y?). S, =72 ar,
Sy =f(;yf(-t.t) dt,]=f(x,x)

Table 1. Formulation of Topological Indices using NM-Polynomial for a Graph I

Topological Index fx,y) Derivation from NM(T') Significance
Third Version of x+y Dx+Dy)yMT; x,y))x=y Predicting
Zagrab Index M | (I') =1 molecular stability
[11]

Neighborhood second xy Dx'DyY)MT; x,y)x=y=1 Indicating
Zagreb index M 5 (I')( branching patterns
[11])
Neighborhood x2 +y? (DZ+DZYM [T x,y)x=y=1 Global
forgotten topological molecular
index F y (I ([11]) characterization
Neighborhood second l SxS,)M T x,y)x=y=1 Sensitive to
modified zagreb index xy local
MM, (M)([12]) structural
changes
Neighborhood general (xy)* (Dg+DyYM (5 x,y)|lx =y Predicting
Randic index NRa(I')( =1 biological activity
[12])
Third NDe Index xy(x DD (D x+ D, )M (I; x,¥))|x Predicting
ND5(I")([12]) +y) =y=1 reactivity
Fifth NDe Index x2+y? (D xSy + DS, OM (T x,¥)|x Local

NDs(I) ([12])

structural variations

Neighborhood 2 208 )J(M (T x,y)|x =1 Predicting

Harmonic index x+y molecular stability

NH(T)([11])

Neighborhood Inverse xy S JD x+ Dy )M (T; x,¥))|x Sensitive to

sum index NI(I") ([11]) x+y =y=1 local structural
changes

Sanskruti index S(I')( xy (S3Q_oJDEDH(M (T; x,y))|x =1 Complex

[12]) (x+y—-2)3 molecular structures

METHODOLOGY When attempting to create several indices of a

Topological indexes are used in QSPR/QSAR
analysis to convert graph into a real number
that characterize the topology of the graph. For
graphs that are isomorphic, it doesn’t change.

certain category, it is difficult to compute
topological indices using their traditional
definitions. Numerous algebraic polynomials
were  constructed by [6-8], whose
differentiation or integration—or combination of
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the two—obtained at a given point gives
topological indices. The M-polynomial is the
most generic polynomial that could offer a
significant number of degree-based topological
indices [9]. To generate more indices, efforts
are carried out on a daily basis.

Several academics have lately been
interested in the neighborhood degree sum-
based indexes [10-14]. The computation of
these kinds of indices was made easier by the
creation of the neighborhood M-polynomial
(NM) by contemporary authors [15]. Similar to
the M-polynomial for degree-based indices, it
has a similar function for neighborhood degree
sum-based indices. [16] Computed degree-
based topological indices and M-polynomials
for Vphenylenic nanotubes and nanotori.

M-polynomials were employed by [17]
to produce topological indices for the praline
net- work of a chosen number of beautiful
structures. The use of M-polynomial-based

topological descriptors of chemical crystal
structures was discussed in [18]. [19]
Described M-polynomials and topological

indices for the linear chains of benzene,
napthalene, and anthracene. Using an M-
polynomial, [20] calculated the silicate
network’s topological indices. [21] Developed
degree- based topological indices and M-
polynomials for copper (I) oxide.

Using an M-polynomial, [22] created
topological indices for nanotubes. [23]
Included the closure formula for the topological
and M-polynomial descriptors of boron
triangular nanotubes. [24, 25] reported the
discovery of the zigzag edge coronoid of
starphene and the invention of numerous M-
polynomials for nanostructures. In [26], the
topological characteristics of titanium difluoride
TiF, crystal structures were found. In [27], the
M- and NM-polynomials of a few anti-COVID-
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19 medications were assessed. In this study,
we employ edge partitioning, graph theoretical
approaches, and combinatorial computation to
derive the NM-polynomial and various
neighborhood degree sum-based indices for
Non-Kekulean Benzenoid graphs K,. The
results are computed using Maple 2020 and
graphically represented using MATLAB 2017.

RESULTS AND DISCUSSIONS

Non-Kekulean
Kn

Non-Kekulean Benzenoid graphs  are
characterized by their unique arrangement of
rings, result- ing in structures that cannot be
represented by Kekulean forms. Since
Benzenoid forms contains rings, benzene has
both real and distinct Kekulean and Non-
Kekulean structures. The way the structures
are modified is by the unique arrangement of
rings in the Benzenoid system, which results in
a sequence of Benzenoid structures of the
Benzenoid graph. See [28] for the series of
concealed Non-Kekulean Benzenoid graph K,,
where n is the number of bridges [29] in the
center of K, as illustrated in Figure 1.
Similarly, there exist k bridges for n < k. Based
on the valency of each atom, we have noticed
that there are three types of atom-bonds in the

Non-Kekulean Benzenoid graph K. In light of
this understanding of atom-bonds, it can be

shown that there exist two kinds of atoms, v;
and v;, such that d,i < 2 and d,j < 3, where d,i
and d,j denote the valency of atoms Vv;, v; €
Kn.

From Table 2 the order and size of Non-
Kekulean Benzenoid graphs K, are

Vkn =2(6n +7), Ekn = 17n + 14,

Benzenoid graphs

AN //\\, 1 "\//
W i

\\\‘/

el /I\ // Ny R \\\//\_//”

2

Figure 1. Benzene ring embedded in P-type surface in 2D-network
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Table 2. The partitions of the edges Non-Kekulean
Benzenoid K, based on neighboring vertices

(6u,6v) frequency

(4, 5) 8
5,7 8
6, 7) an
(6, 8) 4
(7, 9) 2n+4
(8, 8) 2
(8, 9) 4
9, 9) 11n-16

NM-Polynomial of Non-Kekulean Benzenoid
Kn

The neighborhood M-polynomial of a graph
I' is defined as

NM (T; x,y) = g T jxty/, 1)
where T x'ylis the total count of edges
uv € E(INsuch that éu,dv = i,j.
Theorem 3.1. Let I" be the graph of chemical
structures of the Non-Kekulean Benzenoid K,
then

. — 4.5 5,7 6,7
1\161\/{3(1",7x,gy)— 8 xy +888xy 8+94Xyn t4
XY + X'y (2n+4)+2xYy+4 XYy
+x%° (11 n - 16)
Proof.

Using Table 2 and definition of NM-polynomial,
we have following computation

NM (T; x,y) = ZFi_]-xiyj

i<j
= m(4,5)x4y5 + m(5,7)x5y7 + m(6,7)x6y7 +
m(6,8)x6y8 + m(7,9)x7y9
+m(8,8)x8y8 + m(8,9)x8y9 + m(9,9)x9y9
= 8xY’+8xy +4xyn+4xy+xy’ (2n
+4)+2 x8y8
+4 x%° + x°%° (11 n - 16)+4 x%° + x*° (11 n -
16)

Neighborhood Degree based Topological
Indices of Non-Kekulean Benzenoid graphs
K

Using the NM-polynomial, we compute several
neighborhood degree sum-based indices,
including the third version of the Zagreb index,
neighborhood second Zagreb index,
neighborhood forgotten topological index, and
others.

Theorem 3.2. Let I' be the graph of chemical
structures of the Non-Kekulean Benzenoid K,
then

M, ([,x,y) = 282n + 100
M; (I',x,y) =1185n + 4
Fy (Tx,y) = 28270 + 100
wg (= AT, 60299
280 Y) =567 T 90720
NR, (I',x,y) = (60n + 12)m+ 36n) 7%
+ ((60n — 12) m — 12n)8¢
+ (16n + 8m) 5% + (60 mn
+ 12n)6* + 6m(n — 1)9“
ND, (I, x,y) = 20238n - 4864

WD (I 2,y = 3081, 2097
s UL XY= g 70
. _ 977n 4463
(Ixy) = 255 * Tazs

NI (I,x,y) =17n + 14
9988271649n 3209573707
5451776 10976000

Proof. Using Table 1 and Theorem 3.1, we

have following computation

M; (I x,y) = (D x+ D )(NM (I; x,y))|x =y
=1

=D , + D%,)(S x> +8x%y +4 x6y7n +

4xsy8+x y9(2n + 4)

+2 x8y8 +4 x8y9 + xgy9 (11n - 16)|x=y =

1

= (198 nxgyg — 288 xgy9 +32 nx7y9 + 68 x8yg

+32x%°

+64x'y?  +52 x6y7n + 56 xsy8 + 96 xsy7

+72xy5)|x=y= 1

Sxy) =

=282n + 100
M; (T,x,y) = (D - D, )(NM (I'; x,y))|x = y
=1
= (D,C-D7y)(8x4y5 +8x5y7+4x6y7n +
9

4x%°+xy° 2n + 4

+2 x8y8+4 x8y9 + xgy9 (11n - 16)|x=y =
1

= (891 nxgyg — 1296 xgy9 + 126 nx7yg
+288x%° + 128 x%y® + 252 xy’

+168 x65y7n + 192 x%°®
+280x°y" +160x*y)|x =y =1

= 1185n + 4
Fy (T, x,y) = (Di + Dy Y(NM (I'; x,y)|x =y
=1

=(D; + D; )(8 "y +8x%y +4x°y'n + 4x%°
+ x7y9 2n + 4)

+2 xBy8 +4 x8y9
16)Ix=y=1

+ xgy9 (11n -

198 nx’y°® — 288 x° 9+32nx7 9+68x8 9
y y y y
+ 32 x8y8+64 x7y9
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+ 52 x6y7n + 56 x6y8 + 96 x5y7 +72 x4y5)|x =
y=1

= 282n + 100

"My (1, %,y) = (S S ) )(NM (T x,y))|x =y =
1

= (545,)(8 x4y5 +8 x5y7 +4 x6y7n + 4 x6y8
+ x7y9 2n + 4)

+2 x8y8+4 x8y9 + xgy9 (11n-16)|x=y=1

_ A1nx®y®  16x%y° | 2nx7y® | x8y°

= ( + + +
8,,8 4x7 9 erlié 7 x6818 8x5 673 2x4 158
22 Y Y I Y L2 Y k=
32 63 21 12 35 5
y=1
_ 149n N 60299
~ 567 90720
NR, (I'x,y) = (Dx + Dy )Y(NM (I; x,¥))|x =y
=1
= (D +Dy) (8 x4y5 +8 x5y7 +4 xey7n +

4 x6y8 + x7y9 2Zn+4)+ 2 x8y8
+4x%° +x°° (11n — 16)Ix =y =1
=(8- 4°%"y> +8-5%%y +4 -6%%y'n + 4-

6°x%y® + 7%y’ 2n + 4)

+4 -8%%°% + 4. 8%%° +2-9% (11n -
16) + 8- 5%*° +8 - 7%y’
+4- 7°%%'n + 4- 8%%*+ 9%y’ (2n +

a_8 9

4)+4-9xy)x=y=1

60n + 12)m + 36n) 7 +
((60n-12)m-12n)8 + (167 +
8m)5% + (60mn + 12n)6% + 6m(n-1)9*

ND; (I',x,y) = D D ,(D 4
+ Dy )M xy)x=y=1
=D,D,(D,+ D,)
(8 x4y5+8x5y7+4x6y7n + 4x6y8
+x7y9 2Zn+ 4) + 2x8y8
+4x8yg+x9y9 (11n - 16)|x=y=1

(16038 nx’y° — 23328 x%y° + 2016 nx'y’®

+ 4896 x%y° + 2048 x°y® + 4032 x'y°

+2184 x°y'n +

2688 x°y° + 3360 x°y" + 1440 x*y*)|x =y = 1

= 20238n — 4864

NDS (r'x'y) = (D xSy
+ DS OWNM ([T x,y))|x =y
=1

(D,S,+D 8)/S ») (8 x4y5 +8 x‘r’y7 + 4 x6y7n +

él-xey8 +x7y 2n + 4) + 2368y8

+4 x8y9 + xgy9 (11n - 16)|x=y=1

— 308n 2097 N

9 70

H(T,x,y) =2(S)J(NM (I'; x,y)|x =1
=2(5,)] (8 x4y5 +8 x5y7 +4 x6y7n + 4 x6y8
+x'y° 2n+4) + 2 x%y®
+4 x%° + x%° (11n - 16))|x =1

11nx'®  16x'® 8x17 nx'® 3x¢ 4x

9 o YTttt
8nxl3+4x12 16x° _ 1
13 3 g *=
_ 977n+4463
T 468 1428
NI(I',x,y) =S,J(Dx+ D,)(NM (T; x,y))|x
:y:l

=S,JD,+D,) (% (4n+2m)+
x5y7(8n + 4m) + x6y7(40mn +4m +
16 n)

+x6y8 20mn —4m — 4n) + x7y7 (10 mn +
2n) + x7y8 8n + 4m)

+x8y8 (18mn — 4m — 8n) + x8y9 (4mn —
4m) + xgy9 (mn —m))lx=1

= (11nx"®-16x"
+2nx+4x +6x +4nx +4xM +8x
+8x9)|x=1

= 17n + 14

ST, %,y) = (S3Q-2JDIDH(NM (I'; x,y))|x = 1
= (S3Q_,JD3D3) (B8x"y’ +8x°y +4x%'n +
4 xey8 + x7y9 2n+ 4) + 2 xgy8

+4x%° +x%° (11n — 16)x =1
5845851nx'® 531441x'® 5529615

4096 256 + 125
729nx14 + 381119x
4 686
296352nxt
+256x2 + ———

1331

10 64000x”
+ 343x +W)|x =1

_9988271649n 3209573707
~ 5451776 10976000

Graphical representation and Comparison
with Existing Studies

The NM-polynomials of the structures are
graphically represented in Figure 2. Figure 3
pro- vides a 3D graphical representation of the
neighborhood degree sum-based topological
indices, while Figure 4 compares these indices
across different structures.

From Figure 2, it is evident that the NM-
polynomials vary significantly with the structure
of K,, reflecting the complexity of the
molecular topology. Figure 3 shows that the
ND; index is the most dominant, while the Fy
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index increases more slowly compared to
other indices. This suggests that ND3 is more
sensitive to changes in the molecular
structure, making it a valuable tool for
analyzing Non-Kekulean Benzenoid graphs.

Figure 4 provides a comparative analysis of
the indices, highlighting the differences in their
behavior across various structures. The results
indicate that the graph parameters increase in
tandem with the indices, demonstrating the
effectiveness of the NM-polynomial approach
in capturing the structural properties of K.

Our findings align with previous
studies on topological indices and their
applications in molecular structure analysis.
For instance, the dominance of the ND3 index
is consistent with the results reported by 11,
who also observed similar trends in other
molecular networks. How- ever, our study
extends these findings by providing a
comprehensive analysis of Non-Kekulean
Benzenoid graphs, which have not been
extensively studied in the context of
neighborhood degree sum-based indices. In
summary, this study leverages graph theory
and computational tools to  explore
neighborhood degree-based topological
indices for Non-Kekulean Benzenoid graphs
K,. The computed indices offer precise
insights into the structural characteristics of K,
revealing nuanced relationships between
molecular topology and topological features.
The integration of MATLAB for graph plotting
enhances the interpretability of the findings,
providing a comprehensive understanding of
the molecular variations within Non-Kekulean
Benzenoid graphs. This study not only
advances our knowledge of molecular
structures  but also underscores the
effectiveness of combining mathematical
methodologies and computational tools for
rigorous analysis. The results contribute
significantly to graph theory and computational
chemistry, guiding future investigations into
diverse molecular structures and their unique
properties.

Limitations of the Study

While this study provides valuable insights into
the topological indices of Non-Kekulean
Benzenoid graphs, it is not without limitations.
First, the analysis is limited to a specific class
of molecular structures, and the results may
not generalize to other types of graphs.
Second, the computational complexity of
deriving the NM-polynomial and associated
indices increases with the size of the graph,
which could limit the applicability of this

60

approach to very large molecular systems.
Finally, the study relies on theoretical
computations, and further experimental
validation is needed to confirm the practical
utility of these indices in real-world chemical
applications.

9. x 10"

x
lé

7. % 10"
6. % 10"
5.%x 10"
4. % 10"

3.x 10"

2. x 10"

1. x 10"

(N (o e i T LT k) B

T

Figure 2. Graphical representation of the NM-
polynomial for Non- Kekulean Benzenoid, illustrating
the frequency distribution of different degree-based
interactions in the molecular structure.
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CONCLUSION

This research provides a detailed analysis of
neighborhood degree sum-based topological
indices for Non-Kekulean Benzenoid graphs
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K, using the NM-polynomial approach. The
computed in- dices, including the third version
of the Zagreb index, neighborhood second
Zagreb index, and neighborhood forgotten
topological index, offer valuable insights into
the structural properties of K,. The graphical
representation and comparative analysis
highlight the dominance of the ND; index and

the slower increase of the Fyindex, providing
a foundation for future research in this area.
The integration of computational tools with
mathematical methodologies enhances the
interpretability of the results, contributing to the
fields of graph theory and computational
chemistry.
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Figure 3. 3D visualization of neighborhood degree sum-based topological indices of Non- Kekulean Benzenoid,

highlighting the relative magnitudes of various indices.
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